In this paper, we investigate the complicated asymptotic behavior of the solutions to the Cauchy problem of a porous medium equation with nonlinear sources when the initial value belongs to a weighted L ∞ space.
Introduction
In this paper, we consider the asymptotic behavior of solutions for the Cauchy problem of 
n k x) = S()ϕ n (x) uniformly on any compact subsets of R N . In our previous papers [], for any bounded se-
. For more details on the study of complicated asymptotic behavior of solutions for the heat equation and other evolution equations, we refer the readers to [-] .
In this paper, we are quite interested in the above mentioned same topic for the equation with strongly nonlinear sources, namely equation (.) with p > m +  N . We will show that for any M > , there is a constant η(M) and an initial value u  ∈ C
For this purpose, we first show that if the initial value u  ∈ B σ ,+ η(M) , then the solutions u(x, t) are global and satisfy
One can easily see that (.) captures (.). From this, we can follow the framework by Kamin and Peletier [] to prove that
So, we can get our results by following the framework in [] and using (.)-(.). The rest of this paper is organized as follows. The next section is devoted to giving a sufficient condition for the global existence of solutions for problem (.)-(.) and the upper bounded estimates on these solutions. In the last section, we investigate the complicated asymptotic behavior of solutions. 
. For  < τ < T and any nonnegative ϕ(x, t) ∈ C , (R N × [, T)) which vanishes for large |x|, the following equation holds: 
Lemma . [, ] Suppose that for
To study the asymptotic behavior of solutions for problem (.)-(.), we adopt the space
and the X  is given by 
In other words, S(t)w
We now introduce the definitions of scalings and the commutative relations between the semigroup operators and the dilation operators. For any μ, β >  and v(x) ∈ X  , the dilation D μ,β λ is defined as follows:
From the definitions of the dilation operator and the semigroup operator, we can get that for μ, β >  and
In the rest of this section, we give a sufficient condition for the existence of global solutions of problem (.)-(.) and establish the upper bounded estimates of these solutions. 
Theorem . Let
where C(M, η) is a constant dependent only on M and η.
Here we use some ideas of them.
Proof To prove this theorem, we need the fact that if v  = M|x| -σ , then
which has been given in Lemma . of [] . We give the proof here for completeness. In fact,
This means that v  ∈ X  . Therefore, from Proposition ., we obtain that
, we obtain that
The fact that φ ∈ C ∞ (R N \ {}) clearly means that
. This implies that for |x| = , the following limit holds:
Therefore,
Combining (.) and (.), we have
By (.), we thus obtain that
So, we complete the proof of (.). Now taking
we get that
Therefore, by the comparison principle and (.), for all t ≥ , we have
, there exists a t  >  such that for all |x| ≤  and  ≤ t ≤ t  ,
Combining this with (.) and using the comparison principle, we can get
S(t)φ(x) ≤ S(t)ϕ(x) ≤ C(M)
In other words,
S(t)φ(x) ≤ C(M) ( + t)
If η = , (.) clearly holds. In the rest of proof, we can assume that η > . The hypothesis
where C(M) is the constant given by (.). For  < η ≤ η(M), taking
, and
w(x, t) = S(t)φ(x), http://www.boundaryvalueproblems.com/content/2013/1/35
we obtain from (.) that α(t) is an increasing function satisfying
and then taking
w(x, t) = a b(t) w(x, t),
one can see that w(x, t) is a supersolution of the following problem:
(.) and (.) clearly mean that
From this and (.), we can get (.). So, we complete the proof of this theorem.
Complicated asymptotic behavior
For any M > , let η(M) be as given by Theorem .. We introduce
In the rest of this section, we show that the complexity may occur in the asymptotic be- To get this theorem, we need to prove the following lemma first.
Proof We first define the functions . Using the comparison principle, we know that for (x, t) ∈ R N × (, ∞),
and for all λ ≥ ,
The results of Theorem . imply that
Here we have used the fact μ = βσ . So,
Now we estimate the integral
with q >  in several steps. For any τ > , we take λ large enough to satisfy λ - ≤ τ and assume, without loss of generality, that (τ + λ - ) -β >  in the rest of this proof. Then using the same method as above, we have
where γ = N + σ (m -) -σ q + . Similarly, we can get the integral estimates for w λ (x, t), which have been given in [] . By using the same methods as in [], we can get that for
uniformly on any compact subset of R N . For any T, λ, > , we can obtain from (.) that there exists a constant R >  satisfying
-σ  and B R ≡ {x ∈ R N ; |x| ≤ R}. Taking R as given by (.), from (.), there exists λ  such that for all
Now letting T =  and λ = t   in (.), we get that
So, we complete the proof of this lemma. Now we can prove our main result. , we obtain that there exists a countable set F such that
Therefore, there exists a sequence {ϕ j } j≥ ⊂ F such that I. For any φ ∈ F, there exists a subsequence {ϕ j k } k≥ of the sequence {ϕ j } j≥ satisfying
Now we can follow the methods given in [] to construct an initial value as follows. Let
is the cut-off function defined on {x ∈ R N ;  -j < |x| <  j } relatively to {x ∈ R N ;  -j+ < |x| <  j- }, and λ j is selected large enough to satisfy By (.) and (.), we have
So, we have
Using the same method as that in [], we can get that for any ϕ ∈ F, there exists a sequence t n → ∞ as n → ∞ such that uniformly on R N . So, we complete the proof of Theorem ..
